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Abstract. The preferred method of treatment for Atrial Fibrillation
(AF) is by catheter ablation wherein a catheter is guided into the left
atrium through a transseptal puncture. However, the transseptal punc-
ture constrains the catheter, thereby limiting its maneuverability and
increasing the difficulty in reaching various locations in the left atrium.
In this paper, we address the problem of choosing the optimal transsep-
tal puncture location for performing cardiac ablation to obtain maximum
maneuverability of the catheter. We have employed an optimization al-
gorithm to maximize the Global Isotropy Index (GII) to evaluate the
optimal transseptal puncture location. As part of this algorithm, a novel
kinematic model for the catheter has been developed based on a con-
tinuum robot model. Preoperative MR/CT images of the heart are seg-
mented using the open source image-guided therapy software, Slicer 3,
to obtain models of the left atrium and septal wall. These models are
input to the optimization algorithm to evaluate the optimal transseptal
puncture location. Simulation results for the optimization algorithm are
presented in this paper.

1 Introduction

Atrial fibrillation (AF) is a type of arrhythmia where the atria beat irregularly
and out of coordination with the ventricles. When rate and rhythm control drugs
are ineffective in patients suffering from AF, catheter ablation is performed as
a standard method of treatment. More recently, a robotics based master-slave
approach for performing cardiac ablation has been introduced. At our insti-
tution, we have direct clinical experience with the Sensei robot from Hansen
Medical Inc. [1]. Although the robot is capable of precise catheter motions and
maintaining stable contact with the heart wall, the clinician often encounters
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Fig. 1. (a) Catheter entering the LA through the transseptal puncture, (b) Difficulty
in maneuvering the catheter due to improper transseptal puncture location, (c) Model
for the catheter

difficulty in maneuvering the catheter and approaching the desired point on the
heart at the required angle. The lack of dexterity of the catheter arises from
the constraint imposed on the motion of the catheter due to the transseptal
puncture [2], see Figure 1(a). The interatrial septal wall effectively acts like a
Remote Center of Motion (RCM) about which the catheter is manipulated. This
can severely affect the dexterity and maneuverability of the catheter (see Figure
1(b)), thereby affecting the clinician’s performance. In addition, there is also
danger of perforating the aortic arch with catastrophic results due to acciden-
tal needle puncture [3]. Therefore, it is of prime importance for the clinician to
puncture the transseptal wall at an optimal point to maximize the dexterity of
the catheter in the left atrium while minimizing the possibility of puncturing
the aortic arch. In this paper, we develop a computational algorithm to deter-
mine the optimal transseptal puncture location for performing cardiac ablation.
Once determined, the puncture location will be registered to the Intracardiac
Echo (ICE) image so that the clinician can guide the needle in real-time to the
optimal puncture location to obtain maximum maneuverability of the catheter,
while avoiding puncturing of the aorta. The problem of choosing the location of
the transseptal puncture bears similarity to the problem of choosing the ports
on the thoracic cavity for insertion of laparoscopic tools and endoscopes to per-
form Robot-Assisted Minimally Invasive Surgery (RA-MIS). Several researchers
have studied the problem of choosing the optimal ports to maximize the perfor-
mance of the robot (and surgeon) to perform RA-MIS [4]-[7]. In this paper we
have adopted the Global Isotropy Index (GII) [8], [5] to define the performance
measure for quantifying the dexterity of the catheter within the left atrium. We
have developed an optimization algorithm to maximize the GII for efficiently
maneuvering the catheter in the left atrium.

2 Modeling of Catheter

The catheter is considered as being made up of infinitesimal rigid links along
a backbone curve. The backbone curve is defined in terms of the Frenet-Serret
frame. The curve is represented in the parametric form, x̄ = x̄(s, t), where s is the
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parameter which represents the curve length and t is the time. The Frenet-Serret
frame is defined at each point σ(s, t) along the backbone curve and consists of
the tangent t̄(s, t), normal n̄(s, t) and binormal b̄(s, t) vector at point σ(s, t), as
shown in Figure 1(c). At any point σ along the curve x̄(s, t), the local frame
can be defined as Φ(σ, t). In terms of the Euler angles, the frame 0Φ(σ, t) can
be defined with respect to the base frame 0Φ(0, t) as a rotation of α about b̄(σ)
and β about n̄(σ) vector. Also the angles α and β can be defined in terms of the
curvature and torsion as follows

α =
∫ s

0

ς(σ, t)dσ β =
∫ s

0

τ(σ, t)dσ (1)

In this case, we assume that the curvature ς and torsion τ are constant. There-
fore, 0Φ(σ, t) can be written as

0Φ(σ, t) = Rot(b̄, α)Rot(n̄, β) i.e., (2)

0Φ(σ) =

⎡
⎣ cos(σς) cos(στ) − sin(σς) cos(σς) sin στ

sin(σς) cos(στ) cos(σς) sin(σς) sin(στ)
− sin(στ) 0 cos(στ)

⎤
⎦ (3)

The position vector p̄(σ, t) of a point σ on the curve relative to the origin p̄(0)
can be computed by integrating infinitesimal curve lengths along the tangent
vector. In order words, 0p̄(σ), which represents the position of a point σ on the
curve as viewed in the base frame 0Φ(0) is given by

0p̄(σ, t) =
∫ s

0

0Φ(η, t)êxdη (4)

Each segment of the catheter within the heart can be considered to consist of
two rotational joints and a prismatic joint. The joint angle vector can be written
as θ̄ = [0 ς τ ]t and the translational vector can be written as d̄ = [lx 0 0]t The
rotational velocity for a joint in the local Frenet-Serret frame with respect to
the base frame can be written as

0ω(σ) =
∫ σ

0

¯̇θσΦ(ν)dν(for a rotational joint) (5)

0ω(σ) = 0(for a prismatic joint) (6)

Similarly the translational velocities for the rotational and prismatic joints can
be written as

0v(σ) =
∫ σ

0

¯̇
θσΦ(ν) × (σp(ν, t) − σp(ν, t))dν(for a rotational joint) (7)

0v(σ) =
∫ σ

0

¯̇dσΦ(ν)dν(for a prismatic joint) (8)

Equations (5)-(8) together can be written in a compact form as

[
0v(σ)
0ω(σ)

]
=

∫ σ

0

[
σΦ(ν, t) [p(ν, t) − p(σ, t)×]Φ(ν, t)

0 Φ(ν, t)

]
Ā

⎡
⎣ ḋ

ς̇
τ̇

⎤
⎦ dν (9)
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where

Ā =

⎡
⎣1 0 0 0 0 0

0 0 0 0 0 1
0 0 0 0 1 0

⎤
⎦

T

and[a×] �

⎡
⎣ 0 −az ay

az 0 −ax

−ay ax 0

⎤
⎦ (10)

Using the standard robotics terminology, the Jacobian operator can be defined as

J (σ, t) =
∫ σ

0

[
σΦ(ν, t) [p(ν, t) − p(σ, t)×]Φ(ν, t)

0 Φ(ν, t)

]
Ā(.)dν (11)

From (4), we can estimate the position of the catheter with respect to the base
coordinates for a given configuration of the catheter. However, for the optimiza-
tion algorithm, we will assume that the catheter is in contact with a certain
point inside the left atrium while being constrained at the transseptal puncture
location. Therefore, this gives us the base and end-effector coordinates of the
catheter. It is required to solve the inverse kinematics problem to evaluate the
configuration of the catheter for the distal end of the catheter to be in con-
tact with a particular point inside the heart. The problem of solving the inverse
kinematics of the catheter is formulated as a dynamical problem which requires
only the computation of the forward kinematics, as determined by (4). Let us
represent the solution of the inverse kinematics problem as q̂(t) corresponding
to a trajectory x̂(t) which satisfies the forward kinematics given by (4). Let e(t)
represent the error between the desired Cartesian position x̂(t) and the actual
Cartesian position obtained from the state variable q of the iteration algorithm.
The error dynamics can be written as

ė(t) = ˙̂x(t) − ẋ(t) = ˙̂x(t) − J q̇ (12)

We choose a purely proportional control law to solve for q̇ as given by

q̇ = αJ T e (13)

It has been shown in [9] that by choosing a control law as given by (13), the
error e is bounded and can be made small with an appropriate choice of α, with
the added benefit of less computational complexity.

3 Global Isotropy Index

The Jacobian matrix relates the end-effector frame velocities ẋ and forces f to
the corresponding joint rates q̇ and torques τ , as given by the following equations

ẋ = J q̇ (14)
τ = J T f (15)

Condition number κ of the Jacobian J can be considered as the error amplifi-
cation factor from the joint space to the Cartesian space. Taking the norm on
both sides of (14), we obtain

‖δx‖
‖x‖ ≤ ‖J−1‖‖J ‖‖δq‖‖q‖ (16)

The condition number κ is, therefore, defined as [10]
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κ(J) = ‖J−1‖‖J ‖ =
σ(J(q))
σ(J(q))

(17)

where σ and σ represent the maximum and minimum singular values of J . The
condition number represents the dexterity of the robot at a specified point and
often, the inverse of the condition number is used since the value of κ(J)−1 ∈
[0, 1]. For a robot in a singular configuration, σ = 0, implying that for κ(J)−1 = 0.
The closer κ(J)−1 or κ(J) is to unity, the more accurate and dextrous the robot
is. A configuration of the robot is defined as an isotropic configuration, which is
the most dextrous configuration for the robot, when the condition number κ(J)
corresponding to this configuration is unity. Therefore, in order to ensure that
the robot (in our case the catheter) is well controlled in all regions of the left
atrium, we try to maximize the dexterity or a measure of isotropy. However, it
should be noted that the Jacobian is a function of the local position (in turn joint
variables), therefore the condition number is a local measure of the dexterity of
the robot at any position. The transseptal puncture location should be chosen
such that the dexterity of the catheter is maximized at all points in the left
atria. Therefore, there is a need to define the performance measure as a global
measure rather than a local measure. In [8], the Global Isotropy Index (GII) was
proposed to define the overall dexterity of the robot throughout the workspace.
The GII is defined as

GII(yi) =
min

x0∈Wi

σ(J (x0))

max
x1∈Wi

σ(J (x1))
(18)

where Wi = W (yi) = {xk − yi : xk∈Wa}, yi ∈ Ws. For our application, Wa ∈ �3

is the set of points on the left atrium and Ws ∈ �3 is the set of points on the
septal wall. It should be noted that GII is a global measure as compared to the
condition number which is a local measure. In addition, it should also be noted
that the GII is related to the inverse of the condition number rather than the
condition number itself, in order to restrict the values to the range [0, 1]. A GII
of 1 implies that the catheter is isotropic at every point in the workspace and
behaves uniformly in all directions, which is the ideal condition.

Since linear and circumferential lesions may be needed at most points in the
left atrium depending on the type of atrial fibrillation (persistant, paroxysmal
or permanent), we consider the surgical workspace to be the entire left atrium.
The workspace can be further reduced based on the clinician’s input in the
preoperative stage. The problem is to choose the transseptal puncture location
to maximize the dexterity of the catheter while accessing the surgical workspace.
The dexterity of the catheter in the surgical workspace is quantified in terms of
the GII. The optimization algorithm searches for the point yopt ∈ Ws, which
maximizes the GII, corresponding to the optimal location for the transseptal
puncture. This location constrains the catheter and can be considered as the
base coordinates of the catheter. The distal end of the catheter (considered as
the end-effector) touches the points on the left atrium. For each point on the left
atrium, the configuration of the catheter is estimated using inverse kinematics
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and the corresponding Jacobian J and singular values (σ, σ) are evaluated and
provided to the optimization algorithm.

4 Experimental Results

A pre-operative CT image was first loaded in Slicer 3. The CT image is a
contrast enhanced image consisting of 64 slices. The resolution of each slice
is 0.7mm×0.7mm×0.7mm. An expert radiologist was given the task of manually
segmenting the left atrium, the septal wall and the right atrium. The models
were then generated in Slicer 3 and the corresponding VTK file consisting of the
data points of the model was created. The file consisting of the coordinates of
the left atrium and the septal wall were input to the optimization algorithm. The
optimal transseptal puncture location algorithm was implemented using MAT-
LAB on an Intel Core2 Duo 2.00GHz machine with 1GB RAM. Figure 2 (a) and
(b) show the results of the variation of GII as a function of x and y coordinates
respectively. The minimum value of GII was 0.0112 and the maximum value was
0.4362, a location which provides the best isotropy and in turn dexterity of the
catheter. In addition, the GII values were converted to a scalar VIBGYOR color
map (red representing low GII and violet representing high GII) corresponding
to the points in the VTK file and displayed on the model of the septal wall in
Slicer, as shown in Figure 3(a). Since the catheter is constrained to the transsep-
tal puncture point, the catheter loses some dexterity and this can be noticed in
the low values of the GII at most points on the septal wall, represented by the
red color in Figure 3(a). The mean value of GII on the septal wall was 0.0327.
Figure 3(b) shows the location of the optimal puncture with respect to the left
and right atria. Figure 4(a) shows the mesh plot of the GII on the septal wall.
The colorbar reflects the values of the GII at different locations on the septal
wall.

In Figure 4(b), we have compared the condition number κ for six points on the
left atria corresponding to two transseptal puncture locations S1 and S2. It can
be seen that although the GII corresponding to the point S1 is larger than that

Fig. 2. (a) Graph showing the variation of GII as a function of the x-coordinate, (b)
Graph showing the variation of GII as a function of the y-coordinate
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Fig. 3. (a) Magnified view of the septal wall with the VIBGYOR color map representing
the GII at various locations. Red represents points with low GII while blue represents
points with high GII; (b) Segmented model of the LA, RA, PV and septal wall with
the color map representing the GII at different locations.

Fig. 4. (a) Mesh plot showing the color map overlaid over the septal wall with colorbar
representing the GII, (b) 3D view of 2 points chosen on the septal wall and 6 points
on LA. The condition number corresponding to each point is represented as x1/x2,
where x1 corresponds to the condition number of the point assuming that the catheter
is passing through the suboptimal port S2 and x2 corresponds to the condition number
of the point assuming that the catheter is passing through the optimal port S1.

corresponding to S2, the condition number at point A is smaller (1.01) for S2

compared to the condition number of 1.28 for S1. This implies that the control
of the catheter is more accurate at point A, if S2 is chosen as the transseptal
puncture location. As mentioned earlier, GII is a global measure of the dexterity
or isotropy of the catheter at all points in the left atria while the condition num-
ber is a local measure. It should also be noted that the result of the transseptal
puncture algorithm is highly specific to the patient and is dependent on the
shape and size of the left atrium, position and number of pulmonary veins and
the shape and size of the septal wall.

5 Conclusion

The objective of this work was to determine the optimal transseptal puncture
location and assist the clinician in guiding the needle in real-time to this location.
In this paper, we have developed an optimization algorithm based on the Global
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Isotropy Index (GII) to evaluate the optimal position of the transseptal puncture
for left atrial cardiac ablation. As part of this algorithm, we have extended the
continuum robot model to describe the kinematics of the catheter within the left
atrium. Based on this model, the configuration of the catheter was evaluated such
that the catheter makes contact with the desired points on the left atrium with
constraints imposed on its motion by the transseptal puncture. The choice of
the transseptal puncture location affects the uniformity of catheter manipulation.
The optimal puncture location ensures maximum dexterity of the catheter within
the left atrium and also ensures that the catheter has the capability of reaching
various locations in the heart. Successful implementation of this algorithm in
clinical practice will eventually lead to reducing the time necessary to complete
the procedure, improving access to difficult regions in the left atrium, reducing
the amount of manipulations of the catheter required to reach a point in the left
atrium and minimizing the amount of fatigue for the clinicians.
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